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Algebraic structures arising in the degenerate four-wave mixing equations of optical phase con-
Jugation are investigated. Two approaches, the spinorial and the Lax pair, complementary to cach
other, are utilized for a systematic derivation of conserved quantities. Symmetry groups of both
the conserved quantities and the equations of motion are determined, and the corresponding gen-
erators are written down explicitly. Relations between these two symmetry groups are established.
Conserved quantities enable the introduction of new methods for integration of the equations in
the cases when the coupling constant is either pure real or pure imaginary. The methods allow for
both geometries of the process, the transmission and the reflection, to be treated on an equal basis.
Hamiltonian and Lagrangian approaches to the four-wave mixing systems are explored, and the
obstacles to successful iniplementation of such programs are identified. In the case of real coupling
these obstacles are removable, and the full Hamiltonian and Lagrangian formulations of the initial

system are implemented.

I. INTRODUCTION

There is a short story prefacing the paper. The work
on symmelries in optical phase conjugation started in
early nineties by Predrag Stojkov and Milivoj Belié. It
was wterrupted by Predrag’s leaving for America in 1992.
During the stay of M. Beli¢ at the Tezas A&M Univer-
sity i 1995 and 1996, the problem and an early druft of
the paper were brought to Marko’s attention. At the time
he was phasing out of quasicrystals, and was open to new
ideas. Marko liked the problem and agreed to participate.
He read the manuscript, made numerous changes, and
suggested a nmew direction to it. Ouwing to his commit-
ments for the sabbatical at Cornell University in 1995
and the visit to Israel in 1996, it was decided to postpone
the serious work after he is back. However, during the
Israeli visit Marko was diagnosed with the brain tumor.
The puper is left essentially unchanged. It is dedicated to
his memory.

Steady-state four-wave mixing (4WM) equations de-
scribing optical phase conjugation (OPC) in photorefrac-
tive (PR) crystals have been solved up to now in a num-
ber of ways [1-4]. A common feature of all solution meth-
ods is that, first, conserved quantities are determined,
and then the number of equations is reduced. However,
the determination of conserved quantitics and the reduc-
tion of equations is usually performed in an ad hoc man-
ner. Furthermore, the solution of the OPC equations in
the two basic geometries of the process, the transmission
geometry and the reflection geometry, is usually obtained
using unrclated methods.

Apparent symmetries of wave equations have not been
used up 1o now [5,6] to facilitate the analysis and the

solution of the problem. Inu this work the symmetries
of the equations and the integrals of motion are investi-
gated and used to present a unified method for systematic
derivation of conserved quantities, an equal treatment of
both geometries, and the reduction in the number of in-
dependent variables (7]. Such an analysis allows for not
only an easier handling of otherwise cumbersome and un-
related relations, but also for a deeper understanding of
the physics of the process. Also, rudiments of a formal
presentation of the problem along the lines of the theory
of dynamical systems are presented.

The geometry of the process is simple. Three laser
beams intersect within a piece of the PR crystal: two
counterpropagating laser pumps A, and A., and a signal
A4. Owing to the PR effect, a fourth wave Ay is gener-
ated inside the crystal, that counterpropagates to, and is
the phase conjugate replica of the signal. There are two
main channels along which the generation may proceed.
In the first one, the signal wave builds a diffraction grat-
ing with the pump A,. The other pump is diffracted off
that grating and transmitted across the crystal into the
PC wave 43. This is the so-called transmission geometry
(TG) of the process.

In the second channel the signal interferes with the
pump A3, and the beam A, is reflected off the grating
into the PC wave. This is the reflection geometry (RG)
of the 4WM process. It is assumed that all waves oscil-
late at the same frequency (the degenerate 4WNM). Also, a
steady-state is assumed, and all beams are approximated
by plane waves.

The equations of interest are the slowly varying enve-
lope wave equations describing 4WM in PR media (1]). In
TG, they are of the form

1.“’. = I‘Q’['Aq )
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14y = TQr4s,
14y = —TQrA,,
14y = -TQrA,, (1.1)

where [ = $°1_, |4;|? is the total intensity, T' is the
coupling constant (complex in general, but often real in
PR media), Qr = 4,44 + Ay A, represents the diffrac-
tion grating amplitude for TG, the prime denotes spatial
derivative along the propagation z direction, and the bar
denotes complex conjugation.

In RG, the equations are given by

14y = -TQgrAs,
14y = —TQrAs,
14y = -TQRrA,,
14, = -TQgAs, (1.2)

where the RG grating amplitude is given by Qg
A .‘-13 + .'IQA.;.

In this paper both geowmetries are treated on an equal
footing, using a unified RG-like notation:

Bl = Al)
By = A,
_ _ .44 in TG,
By = Al + 431, = {-43 i RG
_ _ [ A3 in TG,
By = Azll, +A4I'I_, = {A4 in R.G, (13)

where o is the switching variable, that has value +1 for
TG and -1 for RG, and 4, = (1 £ o)/2 are the corre-
sponding " projectors.”

The "equations of motion” (EOM) are now

IB, = oTQB,,
1B} = o['QB;,
IB, = -IQB,,
IB, = -TQB:, (1.4)

where the intensity is given by I = Z§=1 |Bi|* and the
grating amplitude by Q = B, B3 + B,Bj.

The analysis is organized as follows. Two methods
to derive the integrals of motion (IOM) are discussed in
Section II. The first method is based on the observation
that 4WM EOM have a special symmetric form that is
allowing an equivalent spinorial formulation. Such a forin
of EOM leads directly to the derivation of the full set of
"regular” IOM as suitable bi-spinorial combinations. The
symmetries of these IOM are the special unitary groups:
SU(2) for TG, and SU(1,1) for RG. Initial spinor-like
doublets of fields turn out to transform as the funda-
mental irreducible representations of these groups, thus
Justifying the name "spinors”. It is indicated how they
can be used to reduce the number of dynamical variables.

In the second method the Lax pair approach is uti-
lized. The diadic products of the 4WM spinors are used
as possible choices for the evolving member (L) of the
Lax pair problem. The traces of products of these ma-
trices represent IOM. It was established that all higher

order IOM are various combinations of the basic IOM
already obtained by the spinorial approach. At the end
of Section II two special cases (I' € R and ' € iR) are
considered in some detail.

In Section III attention is focused on the derivation
of the symmetry groups of EOM, and the corresponding
generators. The relation between these symmetries and
the symmetries of IOM is discussed.

In Section IV the symmetries of IOM are used to write
the solutions of EOM (for I' € R) in terms of elementary
transcendental functions. Then an alternative solution
procedure is explored. In the last part of Section IV the
[ € iR case is solved completely.

The possibility of introducing the Hamiltonian and La-
grangian description of 4WM EOM is explored in Section
V. Section VI offers some conclusions and identifies open
questions for future research.

II. INTEGRALS OF MOTION AND THEIR
SYMMETRIES

A. Preliminaries

In this work the 4WM equations are treated as a dy-
namical system defined on the phase space V := V/ip=
R8, with the time variable z. Here V is the full sixteen-
dimensional space V := C® = R'® with the complex co-
ordinates {z#} = {B;, B;} and p is the equivalence rela-
tion (analyticity condition) satisfied by the 4WM system:
z*t4 = (z*)* [i.e. B; = (Bi)*] for i = T,4. The tangent
space TV (the space of vector fields on V'), is spanned by
the coordinate basis {8,} = {8; = 8/0B;;0; = 3/0B;}.
The dynamics on the space V is given by the trajectory
c: R, — V. It is described by the velocity vector-field
Ferv:

F‘ = [1(0’33(91 == 3364) -+ ﬁ(03432 = 3163) +e.c.
(2.1)

where p := TQ/I. For a general function f(z,z) €
C'(R, x V), the corresponding evolution equation is

(j—f) = (0. + ).

In general, an integral of motion (IOM) g(z,z) is a
function that is constant along the trajectory c, i.e.
(8. + F)qlc = 0 (on-shell constancy). Here the more
restrictive definition of IOM is used: instead of an
on-shell constancy, the condition of off-shell constancy
[(8: + F)q = 0 in whole V] is used. Also, only the inte-
grals ¢(x) without the explicit time-dependence are con-
sidered, leading to the defining equation

(2:2)

Fg=o0. @
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There is no general procedure for finding IOM, and one
has to take into account various specifics of the system at
hand. For example, one may resort to the brute-force so-
lution procedure, which is based on the observation that
F is a linear differential operator of the zeroth degree of
homogeneity (i.e. upon its action on some homogeneous
function Py(x) of degree s, it produces another homoge-
neous function of the same degree s). This allows one to
replace Eq. (2.3) by the set of infinitely many equations:

Fqis) =0, (2.4)
for s € N, where g, are the components of ¢ with the
fixed degree of homogeneity s (¢ = Y oo, q(s))- In gen-
eral, Eqs. (2.4) can be solved by a general ansatz (the
summation over the repeated indices is assumed):

qay = 0,‘:1.'",
qi2y = auﬂ?"zv,

(2.5)

which turns Eq. (2.4) into a set of conditions for the ma-
trices a. After some algebra, one finds that there are no
integrals of the first degree, and that there are several of
the second and higher degrees.

B. Spinorial formalism

There exists a more elegant way to find integrals of
motion of the second degree of homogeneity in the 4WM
equations [6]. It is based on the fact that convenient pairs
of columns (”spinors”) can be formed:

wo=(5). w=(2,).

Now the equatious of motion (1.4) can be written as a
pair of matrix equations:

(2:6)

[¥;) =mlp;), (G=1,2) (2.7)
where the "evolution matrix” m is
(0 opu
m-(_ﬁ 0), (2.8)

and g = TQ/I. The matrix mn is traceless and Hermitian
(for TG)sor skew-Hermitian (for RG), so it belongs to the
su(2) algebra for TG, or to the su(1,1) for RG.

IOM are found using a simple Lemma:

e Lemma 1 : A pair of linear matriz equations

[#4) =malpa), l¥s) =ms|¥s),

has an integral of motion (Ya|n|yp), if there ezists a
constant matriz n such that

(2.9)

nmp +mfn= 0, (2.10)

where the dagger denotes the adjoint matriz.

In 4WM the IOM are searched for in two possible
forms, as (¥;| n|y;) or as (¢',~| n|y;). For the first form,
we have the defining equation (2.10) specificd as

nm + min =0, (2.11)

whereas for the second form of integrals, the defining
equation is
nm+m’n=0. (2.12)

For the general (complex) I, the unique solutions (up to
rescaling by a constant) of these defining equations are
the matrices

_ (1 0\ _ [ 1for TG,
m=10 ¢/~ o3 for RG,
for (2.11) and

_ ({0 =0\ _ . _ [ —ioy for TG,
=g o )T79%?% ] s for RG,
(2.14)

(2.13)

for (2.12), where o; are the Pauli matrices. The corre-
sponding integrals are

a = ($ilm ) =L +ol;,
@ = (Yo{m|e)=l+ols, _
g = (2| |$) = B1By — Byba,

qQ = (‘(,bl | ns |‘¢'2) = B, B> + 0B3By. (215)

Since these IOM are present for arbitrary complex cou-
pling ', they are said to be the regular IOM of the 4WM
system. Later it will be shown that for special choices of
T this system possesses additional (ezceptional) IOM.

Not all of the conserved quantities q,, g2 , g3, §3 , Q4
and gy are independent. There exists a relation

lgal* + olgsl® = qrg2 (2.16)

that reduces the number of (real) integrals of motion to
five. Using the integrals, one can express the conjugated
fields as dependent variables:

By = [0B3g@s + Bai]/qu,

By = [Big2 — 0Bygs)/qa,

B; = [Big1 — B1@s)/qa,

By = [Bags + Bsga]/as- (2.17)

A more natural way to reduce the number of variables
using conserved quantities is to introduce polar coordi-
nates, suggested by the form of the conserved quantities
q and ga:

By = /qic(a, a1) exp(if),
By = \/g2¢(0, a2) exp(ifa), ~
B3 = /g15(0, 1) exp(im),

By = \/q25(0, a2) exp(iv2). (2.18)
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Here the new variables are the six angles: oy, as, 5, B,
T, and ;. The symbols ¢ and s stand for the trigono-
metric cosine and sine functions in the TG case, and for
the hyperbolic cosine and sine in RG case (see Appendix
A).

To further ilucidate the connection between IOM and
the new variables, it is convenient to employ the integral
q, introduced below (Eq. (2.41)]. It can be expressed in
terms of the new variables, and the result is

a = q; +4; + 201q2c(0, 201 )c(0, 202) +

+0s(o,2a,)s(o, 2a,) cos(®)], (2.19)

where ® = 3| + 3y — 1 — 72 is the so-called relative phase.
From the spherical and the hyperbolic [8] trigonometry
it is known that the expression in brackets can be under-
stood as a cosine (hyperbolic cosine) of some angle p, so
that 2a; , 2a; and p are the sides of a spherical (hyper-
bolic) triangle, and & is its central angle. Therefore

—pd 2
cop) =128 "8 _ g (2.20)
20192
and @ only depends on o) and ay :
e 2
o) = c(g,p) — c(0,201)c(0, 2a2) 2.21)

as(o,2ay)s(o, 2az)

It is easy to check that:

L
Q19258 (0‘. g)z’ (2.22)

lga|?

lgs|?

in agreement with Eq. (2.16). Thus, there are five in-
dependent real conserved quantities: q, g2, p, and the
phases of g3 and g4. The solution of EOM using these
quantities is performed in Sec. IV.

C. Lax Pairs

The Lax pair representation (if it exists) helps deter-
mination of the integrals of motion. In general, if given
dynamical system admits a Lax pair representation

d ..
{l—f' = [/\4 s [:],
where £ and M are suitably chesen operators or matri-
ces, then all the traces Tr(L*) (k € N) are IOM. The
determination of such a Lax pair of sperators (M, L) is
usually the hardest part of the problem. The brackets in
Eq. (2.23) stand for the commutator.

In the case of 4WM, the suitable matrices are easy
to find, starting from the compact form of the spinorial
EOM (2.7) and their conjugated equations:

O:l¥y) = mly,),
az(tpu' = —a(‘l'jnln’y

(2.23)

(2.29)

where the index p = 4,7 and |¢;) :=-n;na|¢;). The fol-
lowing matrices

Luv = ) (Yo |y, (2-25)
satisfy the Lax pair equations

0:Ly, = [m, L) (2.26)
The corresponding Laxian IOM are given by

Quivipir = T (Lpvi -+ L)+ (2.27)
For k =1 we have

a g 0 —q
(@)u) = %3 A (2.28)

—q1 oq Ooqy

-2 0 og3 @
For higher k, the resulting IOM are the products of g,).
For example,

42)pvap = 4(1)avd(1)us-

Thus, the higher Laxian IOM are not yielding any new
independent integrals.

An alternative variant of the Lax pair approach is pre-
sented in Appendix B.

D. I-Symmetry

¢ Definition 1 : The symmetry of the set of integrals
{ga} (the I-symmetry) is the mapping {z*} — {z'*}
which preserves the analytical structure (z')*+ = ((z')*)*
and leaves all the integrals invariant qo(z') = qa(z).

I-symmetries define the algebraic structure of the sis-
tem at hand. In practice one first calculates the infinites-
imal I-symmetries, given by

8qa(z) = lge = 62*8,qa =0, (2.29)
where I = w#(z)d, is the generating vector field, and then
establishes the large (non-infinitesimal) I-symmetries, by
exponentiating the infinitesimmal ones. This is the stan-
dard procedure in the theory of Lie-groups.

Although in general the coefficients w* are nonlinear
functions of {z} (the nonlinear I-symmetries), here only
the linear I-symmetry algebras will be considered. These
can be calculated easily by a linear ansatz w" = a*,z".
In this way a general linear symmetry of the fuil set
{q1,---,Gss of the regular IOM is found:

2531 +ie3B) + (52 + iél)Bg,
26B, —ie3 By + (Ez = iél)B4,
26B3 = —iEgB;; == 0'(62 S iél)Bh
26By = +ie3By — 0’(62 + 1:51)32.

I

(2.30)

In the spinor notation the matrix form of I-symmetries
is

§lvr2) = =T [¥r0), (2.31)
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where the traceless matrix T is given by

1 iéa
5 2 (52 + i€,

—o(e; — 1€ :
(€2 ’)) =i€,S., (2.32)
=1€3
and {e,} are real parameters. The basis matrices (the
generalors) are

S, = 170 o) _ %a’l for TG,
"7 2\1 0/7\-ie forRG,
S, = l 0 oi) _ —%az for TG,
* 72\~ 0)7-io forRG,
1
S;g = 503. (233)

The set of all matrices ¥ that are traceless and satisfy
the generalized hermiticity condition =t+9E = 0 forms
the Lie-algebra su(2) for TG, and su(1,1) for RG. The
matrix 1) = n, is called the su(2)/su(1,1) metric matrix.
The generators {S,} obey the standard commutation re-
lations

[S1,82] = —ioSy,
[S2,83] = —isy,
[S5,81] = —iS, . (2.34)

Thus, both |¢,) and |y,) are transforming according to
the fundumental (spinorial) representation of the corre-
sponding algebra g;.

Every finite Lie-algebra ¢ has the corresponding Lie-
group G of "large” transformations, obtained via expo-
nential mapping:

VEEg= G :=exp(iX) € G.

For g; = su(2) (the TG case), the group is Gy = SU(2),
and for g; = su(1,1) (the RG case), the groupis SU(1,1),
the noncompact version of SU(2). Both groups can
be represented by sets of 2 x 2 complex matrices G
that are unimodular (detG = 1) and (pseudo)unitary
(GG = ).

The Cayley-Klein parameterization of the general
SU(2)/SU(1,1) group element

G nitiy:  y3 iy,
= : g ,
—o(ys —iva) y1 — iy,
where y, ... 4 € R, turns the unimodality condition into a
geometric relation (the definition of the parameter man-
ifold of the group G;):

(2.35)

dcéG = (yl)2 + (y-_))z +0o [(yg)z + (y.‘)Q] =L
(2.36)

Thus, the parameter manifold for SU (2); is the sphere
8% and for SU(1,1); it is the hyperboloid H?, both em-
bedded in R*. (For a short classification of hyperboloids
in B! see Appendix C.)

From this fact alone, one could expect that the TG case
will be expressed in a natural way in terms of the trigono-
metric functions, and the RG case in terms of both the

trigonometric functions (compact dimensions) and the
hyperbolic functions (noncompact dimensions). In this
sense the cases are "twins”, i.e. there is a number of
equations holding in both cases, up to the exchange of
the trigonometric/hyperbolic functions.

E. Action of I-Symmetries on the Lax variables

It is of interest to know the action of the I-symmetrics
on the Lax matrices £,,,. Since the Lax matrices are con-
structed out of the basic spinors, some regularity must
be induced in the transformation law of these variables.

For example, for £;, = |¥1)(¥1|ny, the action of the
infinitesimal I-symmetry yields

6C1| = ZTC“ + C“nl"E‘nl.

Owing to matrix identities n[’l =n; and n; X°n; =
—X7, this expression simplifies to

6Ly =[BT, Ly]. (2.37)

This represents the adjoint action of the I-symmetry on
Lyy. In a similar way, one finds that the same transfor-
mation law is valid for all Loy

6C,, = [=7,L,.]. (2.38)

Thus, due to cyclic invariance of the matrix trace oper-
ation, all Laxian IOM are invariant upon the action of
I-symmetries. This is expected.

F. Exceptional IOM

The ”regular” IOM, obtained in the subsection 1B,
form the full set of [OM for the complex coupling I'. How-
ever, in the special cases when T is either real or imagi-
nary, there exist additional IOM. These will be called the
"exceptional” IOM.

To see the significance of these special cases, let us
evaluate the ”time”-change of the grating amplitude Q:

1Q' = -T'Qqs.

Here gs is the expression g5 = I, + I, — o(I3 + 1), whose
”time”-change is

(2.39)

Ig5 = 4oRe (I)|QJ%. (2.40)
Notice that g5 is IOM in the case of imaginary T (so, it
is an "exceptional” IOM). However, when [ is a complex
number, this quantity turns out to be a suitable variable
for later calculations.

From equations (2.39) and (2.40) another conserved
quantity (for the general, complex I') is obtained:

7= g3 +40|QJ%. (2.41)
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This quantity is IOM of the fourth order. It does not
carry any independent information, since it is reducible
to the already known regular IOM:

7= (g +q2)* — dolgs|*. (2.42)

Nevertheless, g5 plays an important role in one of the two
presented procedures for solving EOM in the ' € R case.
From Eq. (2.39), two important relations follow:

1QI" = —Re ()|Qlgs,

Targ(Q))' = —Im (D)gs. (2.43)

These equations indicate the existence of two important
special cases: ' € Rand ' € iR. The case Im " = 0
implies arg () = const, so that ¢ := arg pu = const, while
the case Re ' = 0 implies that |Q| = const. The T € R
case is considered first.

1. TeR

Analysis of this case is based on the fact that the phase
¢ of the grating amplitude @ is constant for real cou-
plings. This allows introduction of a new independent
variable 6(z) = fo: dz'\u(z")| + 6o, which casts the prob-
lem into a linear form. The matrix m is now replaced

by
= 0 ov
“\-7 0)°

where v := exp(i@) = const.
The defining relation (2.11) has as solutions not only
the matrix n,, but also the new one:

_ (0 v
nal = (—D 0)'

which is anti-Hermitian n§ = —nj. Along the same lines,
the defining relation (2.12) has as solutions both the ma-
trix n, and the new one:

_(7 0
IL‘_Ocn/’

which is symmetric. Having the new matrices n3 and
ny that satisfy the Lemma, a set of additional conserved
quantities can be constructed:

(2.44)

(2.45)

(2.46)

wy = (Y| ng i) = 2ilm (vB, By)

wy = (Y2|ng |¢2) = —2iclm (vByBy),

w3 = (1/.)‘1| ns h{‘}g) = —UVBle = DB;;B.;

wy = (‘l!ll ng Il/ll) = 17312 + (TUB;,

ws := (Y| ng|Y2) = 5B\ By — vB3 By,

wg = (1/3_;' ny |Ys) = 5B} + ovBl. (2.47)

Note that (2| ny ;) = —w;3 and (zﬁ_yl ng [) = ws.
One can extend the Lax procedure, in the spirit of the
subsection IIC, to this case as well. The Lax matrices

are now £y := |9, )(¥,| n3, and the corresponding Lax
equations
9 LR = [, LB)). (2.48)

The corresponding Laxian IOM of the first order are

wy —13 wy Ws
w3 wo w, w
'I‘rﬁf"f,) = 3 2 5 s (2.49)
—wWy —Wws —0oun —owsy
—Ws —IIIG ows —gw:

These IOM are the same as the ones already obtained
through the spinorial approach. As mentioned, a more
general Lax pair procedure is presented in Appendix B.

Action of an I-symmetry on [Z“f,) produces
i pv |

5L(R) = BTLR) 4 L®Ins 15T,

Here the condition n;‘ET' n3 = -7 necessary for the
covariant form of action, can be achieved in different
ways:

s Case 1: v® = —g. This corresponds to ¢ = +7/2 (in
TG) and to ¢ =0 or w (in RG). This case allows for the
full suy symmetry, i.e. all three e, parameters can have
non-zero values. However, only the diagonal part of 7
figures in the transformation law:

LR = fi’[a L&) (2.50)
py 2 3y ~pv gt .

e Case 2: v?2 # —o. Here only the diagonal part of
I-symmetries survives, i.e. ¢; and €; have to be set equal
to zero. The transformation law still has the same form
as in the case above.

Thus, the w IOM are invariant under the full su; sym-
metry algebra if v? = —g, and under the u; subalgebra
generated by o3/2 if v? # —0.

An important special case is the phase conjugation,
when the relative phase @ (= 8, + B2 — 11 — 72) is
constant (0 or 7). Then, using relations (2.18) and the
fact that the argument ¢ (= 8) — 1 =2 — B2) of
is constant, the following values for the integrals w are
obtained:

w, = 0,
w2 = 0)
w3y = —y/q1g2c(o, a1 — az) exp(i(Bx — M),

wy = qexp(i(B +m)),

ws = ogzexp(i(Bz +72)),

ws = —/q1q25(0, a1 — az)exp(i(By + Ba))- ;
(2.51

These relations imply that all the phases 8y, 82, 11, 12
are constaunt, and that the a-variables are linearly depen-
dent: a; —as = constant. Ilence, all the fields essentially
depend on only one real quantity, for example on ay.
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2. TeiR

The case of T' imaginary has only one exceptional in-
tegral, gs. The corresponding I-symmetry of the set
{¢1,---,4s} is restricted to the diagonal part of Eq. (2.30):

20B, = ie3B,,
2631 = —i(gB-g,
2533 = —iEng,
20B; = ie3By . (2.52)
This is a u(1) algebra of the transformations:
€3
3y 2) = i50s [¥1,2), (2.53)

and the corresponding group is U(1). The parameter
space of this group is the circle S! of circumference 4.
That group is the subgroup of both SU(2); and SU(1,1);
groups.

III. SYMMETRIES OF THE EQUATIONS OF
MOTION

In general, one should distinguish the symmetries of
the integrals of motion from the symmetries of the equa-
tions of motion.

e Definition 2 : E-symmetries [9): Any vector-field
L that satisfies the master equation
[E, F] =0, (3.1)

is the symmetry of the dynamical equations (1.4).

The set gg of E-symmetries is also a Lie-algebra, i.e. it
is linear, and the commutator of any two E-symmetries
is another E-symmetry. So, one can describe the full al-
gebra by its generators and their commutation relations.

The E-symmetries are sought in the form of the most
general linear ansatz

L =x"a,"d,. (3.2)
Aftersome algebra, six generators are found for the 4WM
system: *

éo = B,o, + B,d; + B333 + B,04 + .0y

Ly = i(Bl(‘), + B3y + B305 + B;0y - C.C.),

E-g = i(Blal e 320, = C.C.),

Ly = i(B3d3 — B4, - c.c.),

I;.( = 5201 2 Bl('}z + B433 == [3384 +.c.C,,

L5 = i(Bgal - Blfb + 3463 - 5334 - C.C.). (33)

These six generators form the complete set of linear E-
symmetries for the general (complex) I'. They generate

the algebra g = r ® u(1) ® u(1) & su(1,1), with the
non-vanishing commutators y

[l:f:lnl_-‘.ﬂl — _2551

[El.[_ffz] = 2{4,

(Ls,Ls] = 2L,. (3.4)
Defining_the general infinitesimal E-symmetry by 3§ =
5o 8iLi, we fiud the transformation law of the fields:

8B, = [6o +i(61 + 62)]By + (04 + i05) B,
632 = [0() + 1(01 - 9_))}33 - (04 + ioS)an
3B; = [90 + 1(01 + 93)]33 + (04 + i95)1?4,
3By = [fo +i(th — 03)]Bs — (61 +i65)By, (3.5)
or, in a more compact notation:
X (6, O
) = |G+ ()] o
— (64 + i65)|y3),
4 ({6, O
Bls) = [(90 viog1-i(@ ) ] )+
—0(64 +15)|¢1)- (3-6)

The parameters 8y and 84 correspond to the two noncom-
pact dimensions of the symmetry group Gg, i.e. their val-
ues are arbitrary real numbers. This is in contrast to the
rest of the parameters, which are periodic. So, the group
of E-symmetries Gg = expgg is R® U(1)? ® SU(1,1).

It is easy to check (from the defining relation (3.1)] that
the E-symmetries always map the integrals of mnotion to
the integrals of motion (and also the solutions of EOM
to the solutions of EOM). Hence:

dqr = 200q1 + (03 +105)qs + (64 — ib5)qa,

8g2 = 20592 — (04 + i65)Gs — (01 — i65)qs,

0gz = [200 + i(82 + 63)]gs,

8q1s = 2(6o +i61)gs + (61 +1i0s)(q2 — ). (3.7)

This is a version of the Nother theorem: If one of IOM
is taken as the ”Hamiltonian” H of the system, then the
action L;(H) of each L; on such a Hamiltonian produces
another IOM.

Here, the following linear combinations of regular
IOM are forming the irreducible representations of the
u(1)L,®su(1,1)L,,L,,L, algebra under the E-symmetries:
q1 + g2, g3 and @3 form singlets

3(q1 +g2) = 260(q1 + q2),
0g3 = (260 + (6, + 65)]¢s,
3Gz = [260 — i(6~ + 63)]d3, (3.8)

while |T) := {q4, (q1 — 2)/V2, 6.1}1 is transforming as
the triplet representation 3|T) = P|T), where P is given
by

2(60 +16)) —2(0, + ibs) 0 :
V2(84 — i65) 20, V2(0, +i6s) | .
0 —V2(84 —i65)  2(8 — i6,)
Hence, one can start from the knowledge of only ¢

and recover the (almost) full set of regular integrals
{1, 92,44, @1}, by acting on them with the E-symmetries.
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A.TeR

Inthe I’ € R case, one can apply the same linear ansatz
as in the general case. The set of linear E-symmetries
thus obtained is { Lo, - - -, E'}}, where Eu—s are the already
known generators (3.3), and the two additional genera-
tors are found for the RG case:

I;b' = B4_al - 83_0-_» + B-_)_ag - B,_B,; +.¢.e.,
L; = 1:(3401 + Byds + By20s + B,\9y — C.C.).
(3.9)

An alternative approach is to performn the redefinition

z =+ 0(2) of the "time” variable (introduced in the previ-
0 ov
-7 0
stant. This allows one to translate the vector-field lan-
guage (applicable in the general case) into the matrix
language. Define the column

ous section), making the matrix m = con-

[¥1)
vy = [ 1) 3.10
e =it
[¥3)
The evolution equation (2.7) can now be written as
Oy |¥) = M|T), (3.11)
where the constant evolution matrix is
m 0 0 0
- - _ |0 m 0 O
M:= 14 ®m= 0 0 m 0 (312)
0 0 0 m
The master equation (3.1) now has the matrix form
(K,M] =0, (3.13)
where the matrix K = (K, ) defines the infinitesi-

mal symmetry of the big "spinor” 3|¥) = K|¥) (here
v € {1,2,1,2}). The above master equation is trans-
lated into "smaller” versions (K, m] = 0, valid for each
2x2 block matrix X,,,.. Solutions of these "small” master
equations are all of the same form

K. =aula+ B, (Y,v). (3.14)
The analiticity conditions |¢;) = nyn, |1Z,) yield the

comstraints

.

a;; = —Ua—x;) /ij = 2ﬁ_6.1
a; =0, By = Oij, (3.15)
ie.
K;; = —o8;51s - 0B,;m,
K;; = agla + G (3.16)
Hence:

lye) = a;|y;) + Bijmy;) +

+agz [¥5) + Bgmm [¢5)
5lvn) = —ow hy) — oBgth ;) +

+aj; |v;) + Bym |¢5) . (3.17)
In this way the rescaled EOM have 32 symmetries, char-
acterized by the the real and the imaginary parts of the
parameters {aij, 8ij,a;3,8;5} (4,7 =1,2).

B. On the relation between I-symmetries and
E-symmetries

One may ask the question, what is the relation be-
tween the two groups of symmetries: I-symmetries and
E-symmetries? The following general consideration clar-
ifies this issue a bit. Let F be the EOM vector field,
0 an arbitrary E-symmetry, 3 an arbitrary I-symmetry,
and ¢ an arbitrary IOM. Since [F,ﬂ] =0and F(g) =0,
it follows that F(dg) = 0, i.e. 8q ~ q (Néther theo-
rem: E-symmetry of IOM is also IOM). From this con-
clusion and from dg = 0 it follows that (3,d]g = 0, i.e.
(3,0] ~ & (E-syminetry maps an I-symmetry into another
I-symmetry). Hence, one expects that [E,-,S"u] ~ 5.

This can be explicitly checked in the case of 4WM sys-
tem: the generators L; for i € {0,1,4,5} commute with
all three S, _generators, whereas the remaining two E-
symmetries L; 3 have nontrivial commutators with S,:

[[-:2: gl = ~ 5;2] 431' (5'1 i+ §2) y
[E3,§1 + gz] +1i (5.'-1 ﬂ:gz) .
[Eg,;;, S‘;] = 0.

(3.18)

Thus the su(1, 1) g symmetry (generated by {E viils Zs})
commutes with the su(2);/su(1,1); symmetry.

IV. SOLUTION PROCEDURES
A.T €R: The first procedure

We present in detail the solution procedures for the
case when T is real. This case is physically the most rele-
vant. The case when I is imaginary, is treated similarly.

The equations for a; and a», extracted from Eqgs.
(1.4), form a closed system of equations:

=T [q15(0,201) + g25(0, 2) cos(®)],
=T [q15(0,2a;) cos(®) + gas(0, 2a2)],
(4.1)

2]a)
2y

which can be integrated with little difficulty. Once o
and a» are known, the remaining four angles are found
easily:

2IB] = —olgysin(®)s(o,2a2)t(o, ay),
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213, = —glq, sin(®)s(o, 2a1)t(o, as),
2ty = —Dq2sin(®)s(0, 2as)ct(0, ay),

2lyy = -Tq sin(®)s(o, 2a; )ct(o, az), (4.2)

where t and ct are the remaining two trigonomet-
ric/hyperbolic functions, formed by using the rule (A4)
(see Appendix A).

Equations (4.1) are integrated s follows. First, two
new variables are introduced:

z = ¢(0,20y), =3 = (o, 2a).

(4.3)

In terms of these variables gs = 1Ty + gaz2 , and Eqgs.
(4.1) become

Iry = Tlq + que(o, p) — 193],
) -

Ir, Tlg2 + qic(o, p) = zags]. (4.4)

Note that, due to symmetry, only one of Eqs. (4.4) is
independent. The solution of tle other is obtained from
the solution of the first one by interchanging ¢, and ¢, .
This, however, holds only when I is real. On the other
hand, using Eq. (2.41), Eq. (2.40) can be written as:

Igy =T (¢— qsz) .

The integration of this equation depends on the geome-
try. For TG, the total intensity is constant (I =q +q),
so that

(4.5)

dl[s Iz

= —. 4.6
- I )
For RG, the intensity is not constant, and
di
/ B~ Ty, 4.7)
q9—qs

The value of the integral in TG depends on whether g is
larger or smaller than ¢2 . For the first case:

25(z) = /g tanh [tunh" (q—"'\/(%)) + -‘—;—ﬁl‘z] (4.8)

whereas (or the second:

¢5(z) = /g cotanh [cotauh"l (i\/g)) + ‘/T(TFZJ .
(4.9)
In RG: ,
“gi(2) = ¢2(0) exp(—2lz) + ¢[1 — exp(—2lz)].

(4.10)

Once g5 is determined, Eqgs. (4.4) for z; and z, (i.e. oy
and a,) can be integrated. The problem, therefore, can
be reduced Lo the determination of one variable. Other
variables can be solved in quadratures. To complete the
solution, it remains to fit boundary conditions. This
problem, however, is more conveniently addressed by an
alternative solution procedure.

B. T € R: The second procedure

Another convenient method for solution of 4WM equa-
tions is based on the linearization procedure (the replace-
ment of the "time” variable z by the variable 9(z) =
j: |u(2")|dz" +6y). Then (2.7) remains the same, but the
matrix m — 1 becomes constant [ — v = exp(ig)).
The explicit solution of Eqs.(2.7) is now

¢(o,0)

[¥;(8)) = (—178(0,6) ovs(a,0)

C(O‘, @) ) I¢'J (00)) )

(4.11)

where © = 8 — 6y and 6, is to be determined from the
boundary conditions. The subscript 0 stands for the
quantities evaluated at z = 0. The matrix in Eq. (4.11)
explicitly displays the SU nature of the symmetry of so-
lutions, and allows for an easy identification of Euler an-
gles for the problem: a = ¢, 8 = 20, v = —¢. In this
formulation (real I') only one independent variable (9) is
found necessary. The angle ¢ is fixed by the boundary
conditions.

The evaluation of 8y is facilitated by writing |Q| and
gs in terms of 4:

|Ql = /as(c,26)/2, ¢s = —0./qc(0,20).  (4.12)

The form of the solution is different in the two geome-
tries, since / is constant in TG, whereas it is not in RG.
At this point the symmetry in treating the two geome-
tries is broken. The solution of Eq. (4.5) is

tan(6) = tan(6o) exp (\/ql'z/1), (4.13)
in TG, and
sinh(26) = sinh(26,) exp(l'z), (4.14)

in RG. The procedure for evaluation of 0y is also different
in the two geometries. We first present the TG case.

The angle 6, is found when boundary conditions are
applied to the solution given by Eq. (4.13). The condi-
tions are that the fields are given at the opposite faces of
the crystal: Aj(z=0 or z=d) = C;. In OPC C3 = 0.
Using these conditions, a number of auxiliary quantities
is defined:

[Cal® = |C1* + |Ca?,
[Cal® = C1|* = |Caf?,
2C,Cy exp(—ig),
exp (=/qld/I),

(all real), and a shorthand notation is introduced:

R e
| T 1

(4.15)

T = tan(fy — 8g), y = tan(8, + ). (4.16)
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There exists a rational relation connecting z and y:

_ur+p _vy—p
= o

; (4.17)
v — pT

It is seen that z and y depend on 8y and [through Eq.
(4.13)] on q. However, there also exists a relation ex-
pressing z (and likewise y) only through g¢:

2 . 1/2
s i[(°>—q"} . (4.18)
qg—a g—a g—a
wherea =p* +u? b= p? +v? , c = plu—v) = 2p|Cu)* .
This relation is used to write an implicit equation for ¢:

a=¢& -7, (4.19)

where £ = (1 — a)/2z, n = (1 + a)/2y. Thus, given the
boundary conditions, Eq. (4.19) is to be solved numeri-
cally, to determine g. Given ¢, z and y are found, and 6y
evaluated from the relation

tan(fo) = ——

s (4.20)

This completes the TG procedure.
For RG, one finds two expressions for the modulus of
the grating |Q| at z = 0:

|Qol = tauh(©4)|C]*/(e-1) =
[plsech (|C\|* + [Cy]?),

where |C|> = T|Ci|* , e = exp(Td), and now |p| =
|C2Cy]. This yields an expression for sinh(©,):

[pl(e = 1)
e(|CL? + [Cyl?) + |Ca?

(4.21)

sinh(Qy) =

(4.22)

Using Eqgs. (4.21) and (4.22), an expression for tanh(26)
is obtained:
sinh(20,)

tanh(20) = - hEes"

(4.23)

This completes the RG procedure.

C. TeiR
It is useful to note that beside the equations (2.39) and
(2.43), one can derive an equation for the intensity
II' = 2(0 — 1)Re (T)|Q)%. (4.24)
From these equations it follows that in the T imaginary
case a number of additional quantities is constant: |Q|,
gs, I. The equation for the phase can be recast as

19, arg(Q) = -T'gs, (4.25)

where I =: iT", and solved:

arg(Q(2)) = arg(Q(0) - [ %2, (4.26)
Since |u(z)] = [TQ(2)|/I(z) = |T||Q|/I is constant, one
obtains an explicit expression
1(z) = |iol exp(igo — iQz), (4.27)

where |uo| == |T||QI/1, ¢o := /2 + argT + arg(Q(0))
and Q :=Tgs/1.

Now the evolution matrix m(z) from the spinor EOM
(2.7) has the form

0 a|;10|e"’°"n:
m(z) = (_Iuole—i¢u+iﬂz 0 ) (428)
and the formal solutions of EOM (2.7) are
[¥:(2)) = U(2)[:(0)). (4:29)

The U(z) matrix is the ordered ezponential (see Ap-
pendix D for a discussion) of m(z):

U(z) = (exp (/oz dz.’m(z')))+

where the plus subscript indicates the path-ordered na-
ture of the exponential. In practice, to obtain the explicit
form of U(z) in terms of non-ordered quantities, one has
to solve the initial value problem (IVP)

8. U(z)
U(0)

(4.30)

m(z)U(z),
1.

(4.31)

For the specific m(z) the explicit solution to this IVP
is found {see Appendix E):

Usi = Nz ] =z R . [Ez
11 = exp —1,—2-— cos —2— +1§:m ? 5

Ui = ,w Az . =z
12 = zﬁexp —1—2—>am(2>,
U _i‘ZaQ exp (L—Q—Z> sin (E)
Va 2 i
Q Q

4

3
Il
o]

3
T
ke Y
0o %
N—
——
o
[=]

173
P i ¥

0l
oL
N
|

[
]

l
L
—
)

where Z := T /g/I and q := ¢ + 40|Q|?. It is easy to
check that det U(z) = 1.

In this manner, for known initial values |;(0)), the full
solution at later "times” z > 0 is given by Eq. (4.29).
However, by the nature of the 4WM system, one knows
only the part of initial conditions. The systemn represents
a split boundary value problem.

e For the TG case the beams B, = A4, and By = 4,
are entering the crystal sample from the z = 0 side, while
other two beams B, = A, and By = A3 are coming from
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the z = d side. Thus, only [¢,) is determined at z = 0,
while [¢,) has a fixed value at z = d boundary:

1 (0)) = (g‘;) , () = ( —S::'-;) L 3)
In this way:

[¥1(2)) = U(2)|¥1(0)),

[¥a2(2)) = U(z)U(d)! g2 (d)). (4.34)

e For the RG case only B, = A, and By = Ay are
known at the z = 0 boundary: B,(0) = Cy, B4(0) = Cy,
while the remaining two field variables are given at the
z = d boundary: B,(d) = C3, B3(d) = C3. This means
that both spinors [¢;) (i = 1,2) are satisfying the mixed
boundary conditions, where one component satisfies the
initial value condition (at z = 0) and the other compo-
nent satisfies the final boundary condition (at z = d):

0 = (g )+ matan = (%0),

0= (_,ge) W =(29),
(4.35)

where B3(0), By(d), B2(0) and By(d) are unknown. In
order to determine them, one has to use the evolution
formula Eq. (4.29) to express the unknown boundary
values in terms of the known ones. After some simple
algebra one obtains

- Cy + Um(d)Cg
Uaz(d) ’
_ G -Un(dCy
Un(d)
oy C4 = 0U|2((1)Cf_t
Ua2(d) ’
_ Ca+0Uy(d)C,
Usa(d) '
Here the unimodality condition det U(z) = 1 (Vz) was

used. This concludes the solution procedure for both ge-
ometries.

(4.36)

V. THE (PSEUDO)HAMILTONIAN
STRUCTURE OF 4WNM

Considering again the form of the spinorial EOM (2.7),
one may notice that (in the TG with . € R case) the ma-
trix m is autisymmetric, resembling the symplectic ma-
trix used in the Hamiltonian formalism for mechanical
systems. This notice gives rise to the question whether
it is posible to reformulate the 4WM system as a Hamil-
tonian system. In this section one possible approach to
the problem is considered. First the neccessary general
definitions are given, and then the specifics of the 4WM
system are discussed.

A. Preliminaries

For the formulation of the Hamiltonian formalism [10]
one needs a phase space in the form of a simooth mani-
fold V' and a closed nondegenerate differential 2-form F
(the field-strength form) defined on it, which endows a
symplectic structure on V. In the phase space with the
canonical coordinates {q‘,...qD,pl,...pD} (q* not to be
confused with the conserved quantities), the canonical
form of F is

D
F' = quk /\dpk.

k=1

(5.1)

The 2-form F sets up an isomorphism between the tan-
gent space TV and the cotangent space *T'V. Denote the
inverse mapping by J : *TV — TV. In the canonical co-
ordinates J has the form

D
J=3" 04 A8,

k=1

(5.2)

In a general system of coordinates {z#|u = T,2D}, the
forms of F' and J becomne

- 1
F = EF,,.,dz“ Adz”,
- 1
J = §J“"B‘, AD,, (5.3)
with mutually inverse skew-symmetric matrices F =
(Fuv) and J = (J#*). Here the summation over the re-
peated greek indices is assumed. The matrix J is known
as the symplectic matrix.
Physical quantities are smooth functions ou V, form-

ing the space C*(V). A Poisson bracket is defined in
C*(V), generating a Lie-algebra structure

{f,9}ps = J**0,f0.9. (5.4)
In the canonical coordinates this means
D
{£,9YpB =) (0 f0p.9 — Byu90,, f). (5.5)
k=1

The Poisson bracket is bilinear, skew-symmetric, and
obeys the Jacobi identity, which is equivalent to the close-
ness of the 2-form F: dF = 0. Later we elaborate more
on this condition.

The dynamics is determined by the choice of the
Hamilton function H on V. The external differential d&
is a covector field (1-form), and J-dH is the correspond-
ing Hamilton’s vector field on V. The Hamilton equation
of motion is specified by equating the tangent vector field
Z:= £#0, with the Hamilton’s vector field:

£=J-dH. (5.6)
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The Poisson bracket {f, 9} ps may now be represented
by the action of the covector df on Hamilton’s vector
field J -dyg: {f,g}pp = df(J - dg). Therefore, the deriva-
tive of function f in the direction of Hamilton’s vector
field J - dH is in fact {F,H}pp. Hence, the Hamil-
ton equation (5.6) can be written as f = {f,H}pp for
an arbitrary function f. Since the coordinate functions
{q*,...¢°, p1, ...pp} form a complete basis, the equations

* {¢*, H}pp = 8, H,
P = {p,H)pp = —0pH,

(5.7)

form a closed system. These are the canonical Hamilton
equations of motion.

B. Four-wave mixing

In an attempt to cast the 4WM system in the Hamil-
tonian form, one encounters several problems.

First, there is no clear choice of the Hamiltonian
(Hamilton’s function) H(z). It can be an arbitrary real
function of the full set of conserved quantities: H(z) =
h(g(z)). For example, for the general I' € C, one can
identify three convenient families of Hamiltonians

Hoie = q1 +eqa,
Hasx = Ags + Ads,
Agq + Ady,

fu.
<
>

I

(5.8)

where € = 1 and |A] = 1. Clearly, these families are
not exhausting all the possible choices, even among the
Hamiltonians that are linear in the regular IOM.

The corresponding symplectic matrices are

Jqle =

w®

a (5.9)

—alp
gL

A

Jgax = i
Ap
—An
-\

The matrix elements that are not written explicitly, are
zero. Note that for these three families (subscript K is
the index of each individual family):

g = _l_J',

sk, Tk =-Ik.
e A

(5.10)

These matrices are chosen in such a way to satisfy the
three basic requirements: they are antisymmetric, non-
singular (in the matrix sense), and they give the same
EOM

J}“(”avHK = f“(m)v

where f#(z) is the right-hand side of the EOM (1.4):
£# = f#. The fact that all Hamiltonian structures must
reproduce the same dynamical equations (1.4) means
that for any two structures (H4,J4) and (Hp,Jg) one
can write:

'VgaH4=VHg, (5.11)

where 'Vp4 := Rpys - V defines the cogradient and
Rpa = JE‘JA is the recursion matriz, connecting the
Hamiltonian structures (4) and (B).

Equation (5.11) defines the mapping from the first
Hamiltonian structure (A) to the second one (B). It
is interesting to assume for a moment that there exists
some function H¢c whose gradient is the BA-cogradient
of Hg. If such a function exists, it will be an integral of
motion:

azHC

*9,He =
J4 0, He(Jg" ) uat5P03Hp =
-BQHBJ:[’agHB =0.

Thus, the conserved quantity Hc, if it exists, is a new
Hamiltonian of the system, and the corresponding sym-
plectic matrix is Jo := RapJp = JpJ;'Jp.

One can continue along the same lines, defining a series
of conserved quantities ("Hamiltonians”) and the corre-
sponding symplectic matrices:

Hi - Hp - He -

Ja = Jg - Jc o 5 (0'12)

The sequence terminates when the Hamiltonians start re-
peating themselves (i.e. they became linear combinations
of the previous members of the sequence). This type of
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sequence of the Hamiltonians and the corresponding sym-
plectic matrices is common in the two-dimensional inte-
grable systems. There exists a rnulti-Hamiltonian prop-
erty of integrable systems, whereby the chain of Hamilto-
nians is (usually) non-terminating, leading to an infinite
set of non-equivalent IOM, and, thus, to the complete
integrability of the system.

In 4WM one expects that all such sequences, if they
exist at all, should terminate after a few termns. For ex-
ample, consider the two structures (H, := Hqgy 41 =
Q1 +q2,J4) and (Hp := Hgy,—y = q1 — g2, Jp), where J4
and Jp are the special cases of (5.9). The recursive ma-
trix is Rga := J3'J4 = diag(1,-1,1,-1,1,-1,1,-1)
and the basic identity is 'V g Hy = VHg. The defini-
tion of the induced Hc¢ is

VHe :=1VgaHp, (5.13)
and its solution is Hc = q; + ¢;. Thus Hc = H,4 and
the sequence is periodic: Hy — Hg — Hy — ---.

Each Hamiltonian structure (Hy,Jg) has the corre-
sponding Poisson bracket:

{£,9}x = (VHTIk(Vg). - (5.14)
This bracket is antisymmetric {g, f}x = —{f,9}k, and
can be characterized by the set of basic brackets:

{x*;2") o= JE . (5.15)
However, a bracket so defined does not satisfy the ex-
pected Jacobi identity {f,{g,h}x}x + cyclic = 0. The

tensor of non-Jacobianity measures the violation of the
Jacobi identity:

nra
Q(l\’)

{{z*,2"}k, 2%}k + cyclic =
= (8,J%)J°® + cyclic. (5.16)
This tensor is essentially the same as the tensor of de-

flection from the Bianchi identity, w := dF (i.e. wypa =
O0uF, o + cyclic):

(5.17)

In the case of non-singular J, the Jacobi condition is
equivalent to the Bianchi identity.

In the system at hand, the fact that Q k) is not dis-
appearing is the consequence of the non-constancy of p.
For example, take again the Hamiltonian H = Hgy 41 =
@1 + q2. Then

3= yEy + jE-,

wva _ pup’ v’ jaa’
Q“\.) —JK JK K U(K)”ry:al.

(5.18)

where -

—i

Note that Ef = ~E4, E; - Ez =0, and

1
(Bs)? = —5[lsx03 @03 @0y (5.19)

As a simple consequence of these expressions, the follow-
ing identity is valid

(eE+ +BE_)! = -i—E+ - l15:_,

- (5.20)

for arbitrary (nonzero) a and 8. This identity is used to
evaluate the "field strength” matrix:

F=-1g, - lg_. (5.21)
H© p
From this, one obtains
1 ;
Wypva = F [(aal-‘)(E+)#v B Cydzc] +
+{p— 4, Ex = E_}. (5.22)
For example, WB, BB, = -‘-},a,,‘. Thus, the Bianchi

identity is clearly broken, and one can not find the po-
tential A, (z) such that F,,(z) is its strength tensor.

One can see the dual nature of the same obstacle, ex-
pressed in terms of the Poisson bracket, in the following
way. The basic brackets are

{31.323
{B:, B,

}PB

B,
}pp = B (5.23)

and one non-vanishing component of  is

QB BBz = _p55 (5.24)
The full list of non-vanishing components of Q is given
in the Appendix F. Thus, the Poisson bracket is not
self-consistent: one can not apply it consecutively on the
phase space without running into inconsistencies. This
is the second, and much more serious problem with the
presented approach to casting the 4WM system in the
Hamiltonian form. One can say that the 4WM system
has a pseudo-Hamiltonian structure.
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If all components of w were zero, one would be able
to find the potential functions A, of strength tensor
F,, = 0,A, — 3, A,. Then the system could be formu-
lated as the Lagrangian one, with the action functional
S(z1,22) = f:: dzL(z,t), where the Lagrangian func-
tion is

L(z,&) := #* A, (z) — H(z). (5.25)

The Euler-Lagrange EOM corresponding to this La-
grangian are the Hamilton equations (5.6). The elements
of the Lagrangian formalism are provided in Appendix G.

Since w # 0, one may search for the solutions in the
formm

Fuw = f(0uAu — 0, A,), (5.26)
which leads to
(0o f)Fyu + cyclic = fwagy. (5.27)
The direct consequence of this equation is
1
Oalnf= o 2w°,,,.]"“ (5.28)

" where D = 8 in the 4WM system. After some algebra
one derives

ol f = =8 In || + % (03 ® 03 ® 05),, *D, arg(y).

(5.29)

C. The T € R case

If ¢ := arg(p) is constant (i.e. I' € R), the solution of
Eq. (5.29) is f = 1/|p|. Then

Fuu = "L_'(E'l‘)#y = V(E—)“v ’
where F,, := F,,/f = 8,A, — 8,A,, and the solution
for the potential A, is
1.
A= -3 [u(EJ,)w +v(E),,]=", (5.30)
with v = exp(i¢) (not to be confused with the index v).
To construct the action for this case one has to go
one step back. The factorization of f = 1/|u(z)| from
F,, is equivalent to the introduction of a new time pa-
rameter §(z) := [ dz’M(z') + const. into EOM, where
M(z) := |pu(x(z)| is the on-shell value of |;(z)|. Thus
= dz¥
FFVW = 6,,H(a:)
The constant ”field-strength” form Fis closed, and the
tensor of non-Jacobianity w disappears. So, one can con-
struct the action in the rescaled time
dz*

62 1 .
3(91,9_,)=/ a9 [—1"F & . H{g) .
0

*2 (5.31)
y 27 " Tap
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Further transformation of this action

%2 ) 1 dz¥
— Jpsy 1) Rl an beseien B : =
S = j dzM(z) [21: F‘“’M(z) = H(.r)]
*2 1 .= dz¥
= /;l dz [51"5},,5’ = M(Z)f!(.].)] )
leads to the Lagrangian
1 | 5 v
L=-5& [u(E+)‘w+u(E_)‘w o+

—-M(z)(q1 + q2), (5.32)

Note that if in the above expression M(z) is directly re-
placed by |u(z)|, the obtained corresponding variation
equations are wrong.

In the I’ € R case the set of IOM is enlarged by the "ex-
ceptional” IOM {w;—¢} (and their complex conjugates),
and one can construct some additional families of (linear
in IOM) Hamiltonians (e = £1, |A| =1, |8] = 1):

Hwi,e = wy + eowy,
Hwsax = Aws + \ws,
Hwsa = /}'ws + s,
Hyv4‘,\p = §(A1U4 + :\’lflq + Bwg + 9-11-)5) s (5.33)
The corresponding symplectic matrices are
a
e
1
Jwie = ‘1,
-0
—ca
-1
—€
_ -Ao
-Ao
_ Ao
A
Jwax = N 7 )
_ Ao
Ao
Ao
o= gk
2N _
_ -2
A
Jwsa = —oA )
oA
A
-A
X -
_ of
-X )
—of
Jware = A
ab
-A
—of



These matrices Jyy... do not depend of p, i.e. they are

constant. So, their Poisson brackets satisfy the Jacobi
identity. This is the case not only for the real, but also
for the complex coupling I'. However, the Hamiltonians
(5.33) are not IOM for the complex T.

To sum up the results, for a general I' two types of
pseudo-Hamitonian structures exist:

* (Hg,Jg): Hamiltonians Hq are linear in regular
TOM. They are conserved quantities in general case, but
the corresponding field-strength forins Fip are non-closed
zl["‘Q # 0. The defect of this family is the non-closeness
of its symplectic structure.

o (Hw,Jw): Hamiltonians Hy are linear in excep-
tional (' € R) IOM. The corresponding field-strength
forms Fyy are constant and closed in general case. The
defect of this type of structure is the nonconservation of
IV-Hamiltonians.

In the case of real coupling, both defects disappear,
the first one after rescaling z — 6(z), and the second
one because IV-Hamiltonians become constant. Then
one can construct a consistent Hamiltonian structure for
the 4WNM system.

VI. CONCLUSIONS

In summary, the algebraic structures of the {WM equa-
tions in PR crystals were studied.

First, the form of the equations of motion was used to
group the basic fields into two doublets, leading to the
new form of EOM, resembling the Dirac equation in one
dimension ("time”), with the field-dependent mass ma-
trix. This lead to the simple procedure for finding the
complete set of "regular” (i.e. present in the complex '
case) integrals of motion. Then an alternative but closely
related procedure, based on the Lax pair approach, was
used to check the completeness of the obtained set of
IOM. Both procedures were extended to the special case
I' € R, to obtain an additional ("exceptional”) set of
IOM.

Afterwards, the concept of symmetries of the "regular”
IOM was defined (the I-symmetries), and the Lie algebras
(and groups) corresponding to the linear I-syminetries
were found. These are the su(2) symmetry for the trans-
mission gratings and the su(1,1) symmetry for the reflec-
tion gratings. The initial doublets of basic fields, which
were introduced as a convenience for more compact cal-
culations, turned out to be the fundamental (i.e. spinor)
representation of those symmetry algebras. Also, the Lax
matrices, constructed from these basic spinors, transform
in the regular way, i.e. they form the adjoint representa-
tion of the I-symmetries.

In the special case ' € R the number of IOM increases,
so only the subset of "regular” I-symmetries survives.
This is to be expected, since the I-symmetries now have

to satisfy a larger set of constraints than in the general
(T € ©) case. p

In the second part of the paper another type of sym-
metries was considered, the symmetries of EOM (the E-
symmetries). The corresponding symunetry algebras are
the products of several abelian factors (one noncompact
~ R', and two compact ~ u(1)) and of one su(1,1) factor
(for both geometries). The action of these symmetries on
the regular IOM was studied and a special kind of Nother
theorem is found to be valid here.

In the special case ' € R the number of independent
EOM gets smaller, leading to the increase in the number
of E-symmetries. This is clearly the opposite behavior
to the case of I-symmetries. Further study is necessary
to clarify the relation between the "regular” and ”excep-
tional” cases. At the end of this part, the action of the
E-symmetries on the I-symmetries was considered (in the
"regular” case). The non-abelian factor of E-symmetries
commutes with the I-symmetries, and the two u(1) fac-
tors act as rotations in the 1 — 2 plane of I-symmetries.

As a short excursion from the algebraic orientation of
the paper, Section IV is devoted to the solutions of EOM
in two "exceptional” cases: T € R and I" € iR. In both
cases it is relatively straightforward to obtain the gen-
eral solutions (two methods for I' € R were presented
and one for T € iR), but satisfying the boundary con-
ditions characteristic of 4WM geometries required more
attention.

In the last Section one possible approach to the Hamil-
tonian formulation of the 4WM system was discussed.
The problems that occurred in that program were two-
fold: the non-uniqueness of the choice of the Hamiltonian
(Hamilton’s function), and the non-closeness of the field-
strength 2-form. The first problem leads to the recog-
nition of the multi-Hamiltonian nature of the 4WM sys-
tem, and is not really a problem. It is just the type of the
"gauge-symmetry” of EOM. The second problem, how-
ever, is the real obstacle to the fulfillment of the program.
The structure of this obstacle is topological (the violation
of the Jacobi and Bianchi identities). This was studied
for one specific "gauge” (the choice of the Hamiltonian),
and a special circumstance when this obstacle can be re-
moved was found, essentially corresponding to the I € R
case.

The same ' € R case was then treated in a different
way, leading to the discovery of even bigger space of pos-
sible Hamiltonians. The topological obstacle is absent in
this case, and nothing prevents a full consistent applica-
tion of the Hamilton formalism, and identification of the
corresponding Hamiltonian action of the system.

Future work: The presented work contains several
topics that deserve future attention. )

Questions pertaining to the general class of dynamic
systems: Clarifying the freedom of choice of Hamilto-
nian function among 10M; Studying properties of E-
symuuetries upon the local (i.e. z-dependent) scalings
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of the dynamic vector field F; Finding classes of equiva-
lency of the symplectic form J (under such scalings) that
have the same structure of the tensor of non-Jacobianity
w; etc. ’

Questions related to the 4WM system in particular:
Full relation between the T’ € R and T € C E-symmetries;
Explicit resolution of boundary conditions in ' € C case;
Extending the theory to multiple gratings; etc.

The last question is particularly intriguing. Even in
the case of single gratings, 4WM EOM possess rich al-
gebraic structure. However, the writing of gratings in a
photorefractive crystal is a dynamic holographic process,
so that more than one grating can coexist simultaneously
in the same region of the crystal. EOM then contain
terins coming from different types of gratings, and the
analysis should be much more involved.

Acknowledments: One of the authors (PLS) ex-
presses gratitude to the Brown University for support
during the graduate years, when some of the ideas ex-
plored in this work were conceived and partially devel-
oped.

APPENDIX A: THE o-METRIC ELEMENTARY
FUNCTIONS.

We list here the elementary definitions and relations of
- the ¢ and s functions.

e =+1
o) i oty = { S20) B2

s(o,z) = sin(voz)/V/T = {:u‘;fz’tz) 22: :" B J_'i
(A1)
c(o,z)* + 0s(0,2)* = 1, (A2)
2(0,2)s(0,z) = s(a,2z),
2¢(0,z)* = 1+¢(o,21),
20s(0,z)2 = 1-¢(o,22),
c(o,x)* — os(a,z)* = c(o,23), (A3)
t(o,z) := s(o,z)/c(o,z),
ct(o,z) = 1/t(o,z), (A4)
t(o,z) + oct(o,z) = 20/s(o,21),
t(o,z) —oct(o,z) = —20ct(o,2z), (A5)
c(o,z) = —os(o,z),
s'(o,z) = c(o,z), (A6)

etc.

APPENDIX B: AN ALTERNATIVE LAXIAN
APPROACH ’

In order to achieve a sufficient degree of generality, we
use the "big spinor”
B,
C!B;;
BBy |’
B2

|T) = (B1)

with arbitrary complex numbers a, 8 and 7. Its evolution
equation is

3. |¥) = N'|T), (B2)
where
0 op/a 0 0
_ | —ep 0 0 0
M 0 0 0 —Bu/y (o)
0 0 ava/B

The problem is to determine the evolving member of
the Lax pair.

1. L~ |¥) (¥

We search first for £ in the form £ = A|¥)(¥|B,
where A and B are some constant matrices. Then

0,L=ANA"'L + LB7'N'B. (B4)
Require
B IN'B=-ANAT!, (B5)
ie.
NiC = —CN, (B6)
where C := BA.
The solution of this equations is
aly  apby ay 0;;53
—afify Z& &L -T4 -
e ?fs ggﬁfs ?fs %257 (B7)
apfs -2& —F&a -6

In the general case of complex I' the factor p is non-
constant (with respect to z), and some of the parameters
€ have to be set to zero: §; =& =§5 = &7 = 0. However,
if T is real, the phase factor v:= exp(iarg) is constant,
and one may redefine the time variable z — 6, to absorb
the non-constant absolute value |u(2)|. In effect this per-
mits the full set of non-zero £ in the above matrix C (with
the replacement p — v).

Let us consider the general case. The presence of
four non-zero £ parameters indicates the existence of four
IOM:

IOMg,
[OMg,

a(ly +ol3) = aq,
By + ols) = BAqz,
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10M, = &B(ByBy - BsB,) = aB4s,

nn

10M¢, = 0%(ByB, — B,B3) = a7q;, (B8)
where
_m oL _ oc
I0ML, := ’I\fa—él = <\Il af‘_l\l-'>. (B9)

These integrals are the already known "regular” IOM.
Ouly g, is not obtained in this way. It will be obtained
in the next subsection, with a different choice of £.

In the T € R case, there are eight free parameters (£)
and there should be eight IOM. The first four of them
are the "regular” ones {q),¢2,q3,d}, and the additional
four are:

I0M¢, = |af*(vB, By — 9B, Bs) = |of*wy,
I0Me, = aly[*(vByB; ~ 7B.By) = —y|?us,
IOA[ES = ﬁ‘y(llBlﬂz + 0’!73334) = —oayws,
]OA{{, = —0’0’7153.

(B10)

Here, again, all obtained integrals are already known.
They are the elements of the w-set derived in the spino-
rial approach. The remaining elements of that set will be
obtained in the next subsection.

2. L~ |) (T

Now search for £ in the form £ = A |¥) (| B, where
A and B are some constant matrices (different from the
oues in the previous subsection). Then

8:L=ANA"'L + LB~'NTB, (B11)

and the requirement that £ satisfies the Lax-type evolu-
tion equation has the form:

BT'INTB = —AN A, (B12)
ie.
NTC=-CN, (B13)
where, again, C := BA. The solution to this condition is
e 4
c= | g, g;l& "—f‘:ﬂ& H (B14)
s -5 -6 -

In the T € C case one has to set & = & = &=6=0
aud the rémaining £ parameters give rise to the following
four "regular” IOM:

IOM,, = 0,

IOAI& = 0,

IOA'[“ = Q‘Y(Ble +UB;,Bq) = avqy,

IOAIEu = a7vq4. (Bl5)

The I' € R case has additional w integrals:
IOMe, = a(#B} + ovB}) = aw,,

IOMg, = Py(ovB} + vB3) = Bryws,
IOA[& = aﬁ(DB;B.. == VB'_;B'_r) = aﬁws.
IOAIE, = Yws. (B]G)

In this way, the full sets of "regular” (g-set) and ”excep-
tional” (w-set) IOMs are recoustructed. The presence of
the arbitrary complex constants «, 8 and v in the pro-
cedure indicates that there are no additional IOM of the
bilinear type.

APPENDIX C: HYPERBOLOIDS IN R!

In R* there exist four different types of the normalized
"hyperboloids”, defined by vy} + €293 + €313 + €433 = 1:

e | e | e
IHP,,‘O) +1 [+1 [+1
lHIS +1 [+1 [-1

P #1 1-1 }=1

o o i f =2

(1,3)

IHQ1 0) is just another name for the sphere S?, and Eﬂm)
is the hyperboloid H® relevant for this work.

APPENDIX D: ORDERED EXPONENTIAL

In this appendix some general properties of the matrix
U(z) are discussed.
The basic 4WM EOM (2.7) has a formal solution

[¥:(2)) = U(2) [9:(0)), (D1)
where U(z) satisfies the initial value problem
9.:U(z) = m(z)U(2),
u() = 1. (D2)

One can write the formal solution to this equation in the
form

U(z) = (exp ( /o :dz'm(z’)))+

which is called the (path) ordered exponential (OE). The
notion of ordering is referring here to the right-to-left
multiplication of the factors in the definition of OE:

(D3)

0
(e(-rl" d"m("))) = lim H e(f‘(’"‘("ﬁ’)), (D4)
+ N—oo
a=N
i.e. one alternates the infinitesimal integrations (along
the path between the 2’ = 0 and 2z’ = z) and exponenti-

ations of, in such a way obtained, infinitesimal matrices.
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OE is an entirely different object from the ordinary ma-
trix exponential exp( f; dz'm(z’)), where the whole inte-
gration along the path is performed first, and then only
one exponentiation executed on this integrated matrix.
The source of the difference is in the non-comnmutativity
of the matrices m(z) evaluated at different points.

The methods to evaluate OE are frequently non-exact:
one may casily prove that the knowledge of U(z) for arbi-
trary m(z) is equivalent to the knowledge of the solution
to the Schridinger equation for an arbitrary complex po-
tential (and this is known to be a noun-solvable problem).
However, in the cases when m(z) has one of the several
special forms, the exact solution for U(z) can be found.
Two such cases are encountered in this work:

o for I' € R the matrix m(z) is proportional to the con-

0 ov
-7 0
[m(z), m(2")] are equal to zero. Thus, OE reduces to the
ordinary exponential, and the result is displayed in Eq.
(4.11).

e for T’ € iR the matrix m(z) has the raising and the
lowering components that oscillate with the opposite fre-
quencies . The Appendix E gives one possible way to
obtain U(z) for such an m(z).

In the general case, the OE U(z) satisfies several sim-
ple identitics, induced by the properties of m(z):

o From the tracelessness of m(z) follows the unimodal-
ity condition det U(z) =1 (Vz):

g, T1 ce o (7m (o)) -
a=N
0

s T oo (e3) -

a=

stant matrix m(z) = ), and all commutators

detU

(D3)

0
Jim l__][:vexp(O) =1

¢ From the membership of m(z) in the Lie alge-
bra g := su((3+0)/2,(1 —0)/2) it follows that U(z)
is an element of the corresponding Lie group G :=
SU((3+0)/2,(1-0)/2):

UE)U(z) =, (D6)

where the 9y = n;, = is the metric matrix of the

1

algebra g. To check tl?is identity, one should follow the

chain of arguments:
m(oy) s = m(a3)

< o0 (3m (a3))

- Tow(m{ez) 0

= U(z) €G.

APPENDIX E: ORDERED EXPONENTIAL
SOLUTICN

In this appendix the initial value problemn

0:U(z) = m(z)U(z),
U() = 1, (E1)

is solved for T’ imaginary. Starting with the ansatz

Uij(z) = uwyy exp(iw;;z), (E2)
one obtains a set of conditions
wy = wy +Q,
wiz = wax —
U _ wiar _ —Ho
= — =
Uy gHo w2
w2 _ iw _ Ofg (E3)
usp —fo w2

The second pair of these conditions defines the consis-
tency conditions

2
wiwa = wizwer = olpol”, (E4)
which are converted into auxiliary equations:

0,
0. (E5)

u‘}’:l + Quwyy — Ulyolz
wyy — Qwny — afpol”

Solutions to these quadratic equations are

Wit = W2t (- £Z)/2,
Wt = Wk (+2x2)/2, (E6)

where = := '\ /q/I and ¢ := g2 + 40|Q|*. Then

{[]]

U{j = Uij4 exp(izuij.,.) + uij— exp(izw,-j_), (E7)

and one has to solve the remaining conditions

Uy _ l0Wii:
p _—1
Ui+ Ho
U2+ _ —Wo2i (E8)
- ——__,
U224+ Ho
in conjunction with the initial conditions
uns +un- = 1,
24 +up2- = 0,
uz 4 +uz - = 0,
ugay +urp_ = 1 (E9)
The solution is
wil— _ L Wi+
U1+ = ——= > Unn- ™
wao— u2'§+
u22+=_AE y U =+ T’
1010 +10'#0
u == Uyjp— =
12+ T ) 1 ._2 )
1o 1Ho
ung =+, Un- = o, (E10)
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leading to the final form:

S

1]

]

Ka]

|
Nt

(]

o]

w
P
wo| 1)
N’

+
mlo

2]

=
N
o
LA
—_—

S
[
Il
1]
]
S
S
-
S’
o
]
w
TN
w11
I
N
|
)|
]
TN
"’lzl
N
il

It is easy to check the unimodality condition det U(z) = 1
(Vz2).

APPENDIX F: COMPONENTS OF Q

The non-vanishing components of Q are

QBIBJB’ = —ﬁa-{#t
QoibaBs = _p5
L e W
“Ihllgl}. - _-a' ]
OB1BsBy _ _Zaj::
QBB = pap,
QBB = oy,
QBQ s = -#53/-‘)
et = Liglh
Qi = +udof,
OB2BsB1 — _5 i,
1'2813452 = _Zgjg
(828485 +ud\ i,

BBy = hg.n (F1)

APPENDIX G: LAGRANGE FORMULATION OF
GENERALIZED HAMILTONIAN SYSTEMS

1. From the Lagrangian to the generalized
Hamiltonian dynamics

The Lagrangian (u € T, D):
L'= A,(z)i* - V(z), (G1)

generates the Euler-Lagrange equations of motion:

g o B 0L
T Qzm | dtopn’
= Foi 8.V,
=0 (G2)

where Fy,, := 9,4, — 8, A, is the tensor of the "field
strength”. If it is nonsingular (detF # 0; it is possi-
ble only for even D), its inverse can be defined, which is

the symplectic structure tensor J := F~! (antisymmet-
ric and nonsingular). Then Eq. (G2) has the form of the
generalized Hamilton equations:

= JeosY, (G3)
and the Poisson bracket can be defined:
of 0g af dg
= - —— G4
{f,9}es dz# dp,  Op, O+ (G4

From the Lagrangian L one can define the canonical
momenta

oL
Pu = '(3;7 = Au(z), (Gs)
and the Hamiltonian
H :=p,i* - L. (G6)

This is a system with constraiuts, i.e. the definition
of momenta (G5) does not allow one to express the ve-
locities #* in terms of the momenta p,. Instead, they
represent coustraints on the dynamics. The primary con-
straints are

Ky = pu — Au(z), (G7)
and their Poisson brackets are
{kus5u} pp = Fuu(z). (G8)

Nonsingularity of the matrix {x,,x,}pp implies that
the constraints (G7) are of the second class, i.e. they
reduce the phase space of the system (whereas the first
class constraints, if they existed, would be the gauge sym-
metries of the corresponding action).

It is convenient to define the Dirac bracket structure:

{£,9}ps = {f,9}pp - {fi5u}pp I {Kv. 9} pg -
(G9)

With respect to this structure, the connections s are con-
stant, i.e. every function f(xz,p) on the phase space com-
mutes with them:

{f:K#}DB =0.

The side-effect of the Dirac bracket is that now the
coordinates z# do not commute anymore:

(G10)

{z", 2"} pp = J*™. (G11)

Since the tensor J is nonsingular, one can interpret
Eq. (G11) as the half of coordinates z which are the
real coordinates of the system, and rest of them are the
conjugated momenta.
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2. When the generalized Hamiltonian dynamics has
the Lagrangian formulation?

One can turn any even-dimensional generalized Hamil-
tonian system (given by Egs (G3)) into the Lagrangian
(G1) iff:

a) Matrix J is nonsingular, so one can define its inverse
F, and

b) 2-form £ := LFuudz* A dz” is closed, i.e. satisfies
the Darboux condition dF = 0.

The two conditions are (in a simple connected region
U of the phase space: m (U) = 0) enough to assure the
existence of "potentials” A4 = A,d:<#, such that £ is not
only closed but is also an exact 2-form £ = dA. Under
these conditions the poteutials are:

ae) =3 [ Py, G12)

where the integration is along any path connecting points
z and x, which belongs to the domain U, and z is the
point where A, (z) = 0.

The action has the form:

z z t2
Siti, ta] = %/‘l:dx"/‘ dy"F,,.,(y)-/; deH(z(2)).
(G13)

The first term is the weighted surface integral over the
surface spanned by points z,z, and z,. The second term
is the line term, i.e. it lives only on the line that connects
the points z; and z,.
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SIMETRIJE OPTICKE FAZNE KONJUGACIJE
Predrag L. Stogkov, Milivoj R. Belié, Marko V. Jarié

Ispitivane su algebarske strukture talasnih degenerisanih jednacina za degenerisano

Cetvorotalasno mesanje kod opticke fazne konjugacije.

Koriséena su dva komplemen-

tarna prilaza, spinorski i preko Leksovog operatorskog para, za sistematsko pronalazenje

saGuvanih veli¢ina.

Odredjene su grupe simetrija kako konzerviranih velicina, tako i

jednagina kretanja, i eksplicitno su ispisani odgovarajuéi generatori. Utvrdjene su relacije
izmedju te dve grupe simetrija. Sauvane veli¢ine omoguéuju uvodjenje novih metoda za
refavanje jednaina u sluéajevima kada je konstanta povezivanja bilo realna, bilo &isto

~ imaginarna. Metode dozvoljavaju da se obe geometrije procesa, transmitivna i reflektivna,
reSavaju na isti na¢in. Formulisani su Hamiltonijanski i Lagranzijanski prilazi sistemima
sa Cetvorotalasnim mesanjem i identifikovane su prepreke u implementaciji takvih prilaza.
U sluéaju realne konstante kuplovanja prepreke je moguée ukloniti, i potpuna Hamiltoni-
janska i Lagranzijanska formulacija poéetnog sistema jednacina je realizovana.
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